In the work presented here the natural dynamics of a rigid body are exploited to plan attitude manoeuvres for a small spacecraft. By using the analytical solutions of the angular velocities and making use of Lax pair integration, the time evolution of the attitude of the spacecraft in a convenient quaternion form is derived. This enables repointing manoeuvres to be generated by optimising the free parameters of the analytical expressions, the initial angular velocities of the spacecraft, to match prescribed boundary conditions on the final attitude of the spacecraft. This produces reference motions that can be tracked using a simple proportional-derivative (PD) controller. The natural motions are compared in simulation with a conventional quaternion feedback controller and found to require lower accumulated torque. A simple obstacle avoidance algorithm, exploiting the analytic form of natural motions, is also described and implemented in simulation. The computational efficiency of the motion planning method is discussed.
NOMENCLATURE A 1 , A 2 , A 3 Basis of the Lie algebra on su (2) Small spacecraft, such as UKube-1, are limited both in the size of their actuators and in their on-board computational capacity. As a result a low torque, computationally efficient means of repointing these nano-spacecraft is required.
In this paper an analytical motion planning algorithm for axisymmetric and asymmetric rigid spacecraft, based around the natural motion of a free rigid body, is derived in the framework of geometric mechanics and applied to the attitude control of nano-spacecraft in order to assess its effectiveness and the feasibility of future on-board implementation.
The attitude control of a rigid body has been widely studied. Initial approaches focussed on a series of discrete single axis slews. However these methods were costly in terms of time and fuel and so new methods were sought. Open loop controls [1, 2] were proposed as simple, low-cost solutions for spacecraft, but these methods are highly sensitive to uncertainties and disturbances. Despite this, open loop controls may be suitable for spacecraft attitude control in low disturbance environments with coarse pointing requirements [3] . Meanwhile Sidi [4] proposed augmenting single-axis open loop "bang-off-bang" controls with linear feedback near the origin, thus maintaining relatively low control effort while improving stability. Shortest angular path eigenaxis slews were proposed as simple, near time-optimal solutions [5] [6] [7] , but they are in general not fuel-optimal. Other time-efficient retargeting methods have been proposed by Wie [8] and Verbin [9] , which additionally consider actuator and pointing constraints. Nonlinear optimal control methods that use the calculus of variations and dynamic programming have also been applied to the spacecraft attitude control problem. However while these methods, such as those that require the numerical solution of the Hamilton-Jacobi-Bellman (HJB) equation, give globally optimal and theoretically superior solutions they are difficult to implement on-board a spacecraft [10] as they are computationally intensive. As a result, simple proportional-derivative (PD) controllers such as the quaternion feedback controllers [11, 12] continue to dominate the practical control of spacecraft due to the ease of gain tuning and low implementation risk. Recent inverse optimal control methods negate the need to solve the HJB equation by finding a control Lyapunov function which is itself a solution of the HJB, and designing the control around this [13] . This approach has been combined with the minimisation of control norms to form low energy attitude manoeuvres [14, 15] . Other guidance methods include the tracking of references generated by computationally efficient artificial potential functions (APFs) to reorientate spacecraft [16] . Mengali [17] extended this work by using APFs in the manoeuvring of spacecraft with sensitive optical equipment such as star trackers, which must reach the target attitude while avoiding luminous objects such as the Sun and Earth's Moon.
This work is motivated by the need to find a compromise between the computational simplicity of PD control and the optimality of nonlinear controllers, in an extension of the work presented in [18] and [19] . In free space and choosing appropriate initial conditions, the spacecraft will naturally drift towards a certain orientation in a set period of time. Therefore these "natural motions" are an intuitive basis around which to design spacecraft attitude manoeuvres. In this paper the dynamics of a rigid body are exploited to derive analytical expressions for the time evolution of the attitude of the spacecraft in quaternion form. Despite suffering from the problem of ambiguity, quaternions are singularity free and computationally efficient, and so, are the most widely used form of attitude representation on-board spacecraft [20] . Boundary conditions on the attitude of the spacecraft are matched through parametric optimisation of the initial spacecraft angular velocities, and the resulting references are tracked using a simple PD controller. It is shown via comparison with a quaternion feedback control that the references require low accumulated torque to track. In addition, the set of curves that match the boundary conditions on the final pointing direction can be probed to create a simple obstacle avoidance algorithm.
The main contributions of the paper are as follows.
1) While the classical global solution is on the attitude dynamics, in this paper the kinematics for both axisymmetric and asymmetric spacecraft are derived analytically for global motion planning implementation in convenient quaternion form. The classical solutions, to the authors' knowledge, can only be found expressed locally in terms of Euler angles [21] [22] [23] .
2) The analytical equations are implemented in a simple motion planning algorithm to produce easily trackable reference motions for a spacecraft, and it is shown that the motion planning algorithm is additionally capable of providing constrained slews.
3) The strengths and weaknesses of the proposed method are evaluated through extensive numerical simulations, and it is shown that the natural motions provide substantial savings in accumulated torque over a conventional quaternion feedback benchmark.
The paper is structured as follows. In Section II, the spacecraft model is introduced, including the alternative kinematics on the Lie group SU (2) , which enable a more elegant solution to the free body motion to be derived. In Section III, the general motion planning framework is first described, before the specific cases of the axisymmetric and asymmetric spacecraft are derived. The practical implementation of the motion planning method is discussed in Section IV, including the extension to obstacle avoidance. Simulation results are presented in Section V where the natural motions are compared with conventional quaternion feedback control, and the suitability of the method for on-board implementation is discussed in Section VI. Finally, we conclude with Section VII and a discussion of areas of future research.
II. MODELS
While in reality spacecraft have flexible modes, in this paper the assumption is made that the spacecraft can be treated as a rigid body. This assumption is feasible for small Cubesat spacecraft as they contain few moving parts and generally do not carry liquid propellant. The general equations describing the attitude control problem are then that of a rigid body with external torques describing the effect of the disturbances.
A. Reference Frame Definitions
The spacecraft under consideration is in orbit around the Earth. The centre of the Earth is chosen as the origin of a geocentric equatorial coordinate system with basis vectorsÎ ,Ĵ ,K. As in [24] , the X-axis lies in the equatorial plane towards the vernal equinox direction, the Z-axis points in the direction of the North pole and the Y-axis lies in the equatorial plane and completes the orthonormal reference frame. The coordinate system is shown in Fig. 1 .
Also shown in Fig. 1 is the radial-transverse-normal (RTN) reference frame used to describe the orbit of the spacecraft. In this reference frameR is parallel with the radial vector,N is parallel with the orbit normal, andT completes the orthonormal frame.
A body fixed reference frame (BRF) with basisî,ĵ,k is rigidly attached to the centre of mass of the spacecraft, as shown in Fig. 2 .
B. Kinematic Model
The attitude kinematics of the spacecraft can be parameterised using quaternions:
T denotes the quaternions which represent the attitude of the spacecraft in the body frame with respect to the inertial frame, and dq dt represents their rate of change. The skew symmetric matrix is given by
T are the angular velocities of the spacecraft body frame with respect to the inertial frame. The quaternions must satisfy the constraint q 
where R(t) ∈ SU(2) represents the orientation of the spacecraft and A 1 , A 2 , A 3 form a basis for the Lie algebra su(2) of the Lie group SU(2):
where i is an imaginary number. The Lie algebra's commutator, called the Lie bracket, is defined by
is of the form:
with z 1 , z 2 ∈ C andz 1 ,z 2 their complex conjugates such that |z 1 | 2 + |z 2 | 2 = 1. Physically the basis A 1 , A 2 , A 3 describe the infinitesimal motion of the spacecraft in the roll, pitch, and yaw directions, respectively.
Klein [25] discovered that for the symmetric Lagrange and toy top (a symmetric rigid body in a constant gravitational field) simpler solutions can be obtained when SU (2) rather than SO(3), the set of 3 × 3 rotation matrices, is used as the configuration space. Thus in this paper SU(2) is used as the configuration space as it enables the equations of motion to be expressed and solved in convenient Lax pair form. In addition SU(2) is isomorphic to the unit quaternions [26] , which enables the solution to be expressed in quaternion form.
The two sets of kinematic equations (1) and (3) are equivalent with the isomorphism, F : SU (2) ↔ H, from 
defining the coordinate change. The complex numbers z 1 = q 0 + iq 1 , z 2 = q 2 + iq 3 are regarded in their quaternion form z 1 = q 0 e + q 1 i,z 2 = q 2 e + q 3 i subject to the usual quaternionic multiplication rules. For more details of this isomorphism see [27, pp. 169-171] .
C. Dynamic Model
Euler's rotational equations of motion for a rigid spacecraft are defined as
where J denotes the moment of inertia matrix of the spacecraft,ω andω the angular velocity and angular acceleration vectors of the spacecraft body frame with respect to the inertial frame,
T the reaction wheel torques. Assuming that the body frame originates from the spacecraft centre of mass and is coincident with the principal axes of the spacecraft, Euler's equations reduce tȯ
where J 1 , J 2 , and J 3 are the principal moments of inertia of the spacecraft.
D. Spacecraft Model
We primarily focus on two spacecraft based on the UKube-1; one of which is axisymmetric and the other slightly asymmetric. The properties of these spacecraft are listed in Table I . We assume that the spacecraft is equipped with simple reaction wheels. The wheel data is based on T .
E. Environmental Model
The spacecraft is subjected to disturbance torques due to gravity gradient [20] , solar radiation pressure (SRP) and air drag [28] , and the residual dipole of the spacecraft. 2 The magnetic field is modelled using a simple dipole model [29] , rotated to mirror the offset between the geographic and geomagnetic poles. The spacecraft is considered to be on a 600 km altitude circular orbit beginning at the vernal equinox position, unless stated otherwise.
The environmental model is required to assess the practical performance of the natural motions, derived subsequently for the free rigid body in Section III, when applied to a spacecraft in a nonideal environment.
III. ANALYTIC DERIVATION OF THE REFERENCE MOTIONS
In this section analytical equations for the torque-free attitude motion of axisymmetric and asymmetric spacecraft are derived using Lax pair integration in global quaternion form. The general motion planning framework is first described, before the specific cases of the axisymmetric and asymmetric spacecraft are considered. These analytical equations form the basis of the natural motion planning algorithm for spacecraft attitude manoeuvres.
A. General Framework
Firstly, we note that in the absence of external torques the following quantities are constant:
These correspond to the Hamiltonian, in this case the total rotational kinetic energy of the spacecraft, and the Casimir function, in this case the magnitude of the angular momentum of the spacecraft. In order to derive the global solution in terms of quaternions, we use the local solution in terms of Euler angles. [21] [22] [23] :
LEMMA 1 The Euler angles representing the local orientation of the spacecraft can be written as functions of the angular velocities
PROOF The Euler equations (7) can be written in Lax pair form on SU (2) as [30, 31] :
where
It is well known that the Lax pair equation and the kinematic equations are connected through the relation:
and it is this relation that we use to solve for the corresponding rotations. Here L(0) is the matrix L(t) at t = 0 and is therefore a matrix with constant entries. Writing the dynamics and kinematics in the language of classical mechanics and making use of Lax pair integration provides a natural and elegant means of deriving analytically the expressions for the time evolution of the quaternions. Equivalently we can write
R(t)L(t) R(t) −1 describes the conjugacy class of L(t).
Thus for simplicity and to obtain more explicit solutions it suffices to integrate the particular solution:
where M is the conserved Casimir function from (10) . This enables us to write
As exp (-ϕ 1 A 1 )A 1 exp (ϕ 1 A 1 ) = A 1 , we say that exp (ϕ 1 A 1 ) is the stabilizer of A 1 [27] . It is therefore convenient to introduce the coordinate form:
Substituting (18) into (17) yields
Equating (19) with L(t) in (13) results in the following system of equations:
which can be immediately solved to provide the expression for ϕ 2 in (11). Now, adding the bottom two equations in (20) yields
while subtracting the bottom two equations in (20) gives
Equations (21) and (22) can be simplified by making use of the identities:
which results in the following:
Dividing these two equations we obtain
Solving, we arrive at the expression for ϕ 3 in (11) . To obtain an expression for ϕ 1 , we first rearrange (3) to yield
Then, substituting the expressions for ϕ 2 and ϕ 3 into (18), and subsequently into (26) , with some computation we find thaṫ
Using the expressions forω 2 andω 3 in (7) for the free body (i.e.N e =N w = 0), the constants (10), and simplifying, we arrive at the expression for ϕ 1 in (11).
Substituting (11) into (18) and pulling the solution back to the identity via:
provides the solution on the Special Unitary group SU (2) . In this expression R int is the initial orientation and R(0)
is the inverse of R(t) at t = 0. Finally, using the isomorphism (6) and comparing the real and imaginary parts yields the globally defined analytical quaternion equations for the free motion of a rigid body. We now use the equations above to derive the globally defined analytic equations for the free motion of the spacecraft in the axisymmetric and asymmetric cases.
B. Axisymmetric Spacecraft
In this subsection we state the equations for the free motion of an axisymmetric spacecraft, derived using the procedure in Section III-A.
LEMMA 2 The time evolution of the quaternions
T ) related to the free motion of an axisymmetric body can be written in the form:
PROOF The analytical expressions for the angular velocities of an axisymmetric spacecraft, where J 2 = J 3 = J s , are well known and are given by [20] 
where:
Substituting these expressions into (11) and then into (18), and pulling the solution back to the identity via (28) yields the solution on SU (2) . Using the isomorphism (6) gives the expressions for the evolution of the quaternions in the axisymmetric case. See [18] .
REMARK The sign function sgn(ω 3 (0)) in (29) and (31) is added to ensure that the initial first derivatives of these equations match the initial first derivatives of their numerical counterparts. That is, to ensure that the first derivatives of (29) and (31) at time t = 0 match the first derivatives of (1) and (7), with zero external torques, at t = 0.
C. Asymmetric Spacecraft
In this subsection we state the equations for the free motion of an asymmetric spacecraft, derived using the procedure in Section III-A.
LEMMA 3 The time evolution of the quaternions
T ) related to the free motion of an asymmetric body can be written in the form:
where (n; ϑ| m) is the incomplete elliptic integral of the third kind with
where am(·,m) is the Jacobi amplitude, D is a constant of integration and ω 1 , ω 2 , ω 3 , are the free rigid body angular velocities.
PROOF The free rigid body angular velocities ω i can be expressed in the analytic form [26, 32] :
otherwise. 3 The function sn(·,·) is a Jacobi elliptic function and the constants C i are defined by
with
and
where the indexes do not represent a sum; i, j, and k follow a "circular notation", which means they appear in a consecutive recursion (e.g. i = 1, j = 2, k = 3 or i = 2, j = 3, k = 1, etc. . . .). See [32] . Substituting these expressions into (11) and then (18) , and pulling the solution back to the identity via (28) yields the solution on SU (2) . Using the isomorphism (6) gives the expressions for the evolution of the quaternions in the axisymmetric case. See [19] .
REMARK 2 The sign ± in (37) is dependent on the initial conditions. For implementation the sign has to be chosen so that the sign of the first derivative of (37) at the initial time t = 0:
is matched to the sign of the Euler equations (7), with zero external torques, at t = 0.
REMARK 3 The S i functions are sign functions. To implement the equations it is enough to consider only S 1
3 Using the relation:
or S 2 and S 3 or S 4 , respectively. The sign functions can be set by comparison with the known initial first derivative of the quaternions (1).
IV. PRACTICAL IMPLEMENTATION OF MOTION PLANNING METHOD
With the analytical equations for the free motion of an axisymmetric and an asymmetric rigid body derived in quaternion form, we now construct a method to use these solutions in a motion planning algorithm. This requires the specification of an appropriate cost function and the implementation of some means of optimising the free parameters of the analytical solutions to match the set boundary conditions. A method of adapting the motion planning method to yield simple constrained manoeuvres is also presented.
A. Parametric Optimisation
In order to use the analytical expressions for the angular velocities and the globally defined quaternions for motion planning, the equations were entered into the program Mathematica. A cost function of the form:
was constructed, whereω(0) are the initial angular velocities,q is the current quaternion value,q(T ) is the target quaternion at time t = T, and T is the manoeuvre time. This cost function minimises the norm of the error between the current quaternion and the target quaternion by changing the initial angular velocities. It follows that a parametric optimisation can be carried out to find the values of the initial angular velocitiesω(0) required to bring the spacecraft to the targetq(T ) in a fixed time.
The inbuilt Mathematica direct search method "DifferentialEvolution", was used for the parametric optimisation as it proved the most effective at minimising the final pointing error in comparison to the other inbuilt solvers "RandomSolution", "SimulatedAnnealing" and "NelderMead". This method was chosen in order to assess the suitability of using the natural motions of the rigid body as the basis for designing attitude motions. A deeper investigation would be required to identify the most suitable method of determining the required initial angular velocities if the references were to be generated on-board a nano-spacecraft. However this is outwith the scope of this paper.
The optimal values of the initial angular velocities, ω * (0), resulting from the optimisation can then be input into the analytical equations for the angular velocities and quaternions to generate the reference tracks for a natural motion manoeuvre.
B. Extension to Constrained Repointing
Often a spacecraft is required to perform a constrained slew: that is, to repoint while avoiding or tracking certain objects. For example camera lenses can be damaged if they are pointed directly at a bright object such as the Sun
a manoeuvre. By probing the set of the natural motions, which satisfy the boundary conditions on the final orientation of the spacecraftq(T ), the method proposed in Section IV-A can be easily extended to achieve such constrained slews. Assuming that a camera is mounted along the spacecraft body x-axis, a bright object such as the Sun creates a "cone" which the x-axis unit vector must not intercept during a repointing manoeuvre. This constraint can be formalised as [17] 
That is, the angle δ p between the unit vectors of the spacecraft body x-axis,n p , and the centreline of the cone, n c , must be greater than the half-angle of the cone δ c throughout the manoeuvre. Given the proposed method outlined above in Section IV-A, without a constraint on the pointing direction the parametric optimisation will return the optimal initial angular velocities ω * 1 (0), ω * 2 (0), ω * 3 (0). In the case that this returns a motion that intersects a forbidden region (δ p < δ c for any t ∈[0, T]) we introduce the parameters p 1 , p 2 , p 3 as increments to the angular velocities ω *
, where -ε < p 1 , p 2 , p 3 < ε and ε is a parameter which can be tuned. We then optimise the objective function:
to find an alternative natural motion manoeuvre fromq tō q(T ). The parameter ε is then incremented iteratively to obtain a solution such that δ p > δ c ∀t. This leads to a new set of initial angular velocities ω * *
0) + p 3 being obtained, which bring the spacecraft fromq toq(T ) with δ p > δ c ∀t. These angular velocities can then be input into the analytical expressions for the angular velocities and quaternions to generate reference tracks for the constrained natural motion manoeuvre.
V. NATURAL MOTION PLANNING SIMULATIONS
The natural motion planning method described above was tested in simulation to assess the strengths and limitations of the method. As PD controllers are the most commonly used means of carrying out repointing manoeuvres due to their simplicity and ease of gain tuning, a PD controller [11, 14] was chosen as a benchmark:
In this expressionū is the desired control signal and K ω = k ω J and K q = k q J are constant gain matrices. The gains are multiplied by the inertia matrix so that the gains are proportionally higher on the axes with higher moments of inertia, simplifying the gain tuning process such that only two parameters need to be tuned. The angular velocity error is given byω e =ω −ω d , and the quaternion error bȳ
whereω d andq d are the desired angular velocities and quaternions at time t. Only the vector part of the error quaternionq e (i.e., q 1e , q 2e , q 3 e) is used in tracking. Note that a gyroscopic term is often added to the PD controller of (46). However for axisymmetric and slightly asymmetric spacecraft, and long, slow manoeuvres, this term has negligible effect and so is omitted here [6, 15] . As the natural motion references are not inherently rest-to-rest, the manoeuvre is planned such that the references bring the spacecraft to the target in time (T -τ ), where τ is a small period of time. At time (T-τ ) until the end of the manoeuvre at time T, a stabilising control is applied to bring the spacecraft to rest at the target. The manoeuvre can be summarised as
where the subscript "ref" refers to the natural motion reference tracks generated using parametric optimisation, and τ is the length of time the stabilising control is applied. In the following simulations, a value of τ = 20 s is used as this was found to be the shortest time required to bring the spacecraft to rest. When quaternion feedback is being considered,q d does not vary and is the final desired attitude, i.e.,q d =q(T )∀t. Equation (46) then describes a conventional quaternion feedback controller. We assess the performance of the natural motion tracking in comparison to the benchmark quaternion feedback controller in terms of the accumulated torque [14] of the reaction wheels. The accumulated torque is the integral of the norm of the control torque vector and is given the symbol I N . The accumulated torque is used as an indication of the control effort required to carry out the manoeuvre, with lower control effort especially important for small spacecraft due to their limited power and actuation.
For the quaternion feedback and natural motion manoeuvres the gains were adjusted until the final pointing and velocity constraints were satisfied, to 4 decimal places, with the lowest accumulated torque. In the case of the natural motions the gains were tuned using an iterative process. The gains for quaternion feedback were initially tuned using an iterative process and then, to ensure the fairest comparison between the natural motions and quaternion feedback, the quaternion feedback gains were further tuned by using the genetic algorithm function in Matlab. A cost function consisting of the angular velocity and quaternion errors at time T and the total accumulated torque of the manoeuvre was constructed. The optimisation process was repeated until the gains that yielded the lowest accumulated torque while matching the desired boundary conditions were found. A 600 km altitude circular orbit beginning at the vernal equinox position is used in all simulations unless it is stated otherwise.
A. Axisymmetric Case: Example Manoeuvres
The performance of the axisymmetric natural motions was assessed via comparison with a quaternion feedback benchmark for a spacecraft with principal inertias J 1 = 0.0109 kgm 2 It is clear that the natural motion tracking approach is essentially bang-off-bang in nature. Initial torques bring the spacecraft angular velocities to those required to perform a natural motion. This is then followed by a "coasting phase" of zero or near zero torque (a small torque is often applied to compensate for disturbances) as the spacecraft moves toward the target attitude. When the target attitude is achieved at time (T -τ ), the angular velocity references are then switched to stabilise the spacecraft at the target. This results in a final torquing phase to bring the spacecraft to rest at the target, the start of which is indicated by a dotted vertical line in the figures. In contrast, we note that the quaternion feedback controller, which tracks a constant rather than time-varying reference, results in the quaternions following broadly sigmoidal paths during the manoeuvre. Table III summarises the results of this and several other manoeuvres. The superscripts "Q.F." and "N.M(Axi)" refer to quaternion feedback and the axisymmetric natural motion manoeuvres, respectively.
The natural motion tracking offers significant savings in accumulated torque over the more computationally efficient quaternion feedback for a range of manoeuvres. However the peak torques of the natural motion method are generally slightly higher than those for quaternion feedback.
B. Asymmetric Case: Example Manoeuvres
The motion planner for asymmetric spacecraft was then tested in simulation for a spacecraft with principal inertias J 1 = 0.0109 kgm 2 Table IV summarises the results of this and several other manoeuvres. The superscript "N.M(Asy)" refers to the asymmetric natural motion manoeuvre.
It is clear that the natural motion tracking in the asymmetric case once again offers significant savings in accumulated torque over quaternion feedback alone.
C. Effect of Inertia
While ideally the asymmetric motion planner would be used to plan motions for asymmetric spacecraft, the elliptic functions present in this motion planner result in increased computation times in comparison with the axisymmetric motion planner. This is discussed in detail in Section VI. However, as most Cubesat spacecraft are only slightly asymmetric, it may be possible to use the axisymmetric motion planner in these cases.
In this section we assess whether the axisymmetric motion planning method can still offer savings in accumulated torque even as the inertias vary from those of the axisymmetric spacecraft. This also serves as a study of how sensitive the method is to the inertia fluctuations that could arise during a mission (e.g. due to the deployment of solar panels or the jettison of a payload). The references generated in Section V-A for a 120 s manoeuvre from
for the axisymmetric spacecraft were applied to several asymmetric spacecraft with inertias ranging from ± 0 -100% difference over the inertias of the axisymmetric spacecraft. In order to determine the effect of the inertia error on the axisymmetric natural motions, references were also generated for each spacecraft configuration using the asymmetric motion planner, and a quaternion feedback benchmark again included for comparison. The results are shown in Table V . It is obvious that the accumulated torque required to track the axisymmetric references increases as the inertia uncertainty increases. However for a slightly asymmetric spacecraft, the axisymmetric references require only slightly more torque to track. Therefore in these cases the less computationally intensive axisymmetric motion planner would be the more practical choice. It should also be noted that the natural motion references for the axisymmetric spacecraft outperform quaternion feedback in terms of accumulated torque, even in the presence of considerable inertia error.
D. Effect of Manoeuvre Time
In this section we investigate the effect of manoeuvre time on the natural motion method. For a manoeuvre from
T , the time is varied from the shortest time quaternion feedback slew which could be performed without momentum saturation of the reaction wheels, 50 s, up to a manoeuvre time of 420 s. The results are shown in Table VI .
The percentage of saving is defined as (I × 100. It can be seen that the natural motion method is still advantageous throughout, though the savings in accumulated torque are greater for greater time periods. For shorter time periods the stabilising control discussed in Section V takes up a greater proportion of the total manoeuvre time. In other words, as manoeuvre time decreases, the length of time that the natural motion references are tracked decreases and the manoeuvres become increasingly similar to conventional quaternion feedback manoeuvres. This accounts for the decrease in percentage saving for shorter time periods.
E. Effect of Orbital Altitude, Position and Inclination
Next, the effect of the spacecraft's orbit on the natural motion method was investigated. Disturbance torques such as air drag, solar radiation pressure, and gravity gradient are dependent on orbit altitude, while the residual dipole torques are more significant at the poles due to the increased magnetic field strength. As the natural motion method is based around the motion of a rigid body in a disturbance-free environment, the method may not be suitable for manoeuvres in a high disturbance environment and so it is important to test the method in these cases.
For an axisymmetric spacecraft on a 300 km altitude orbit beginning at the vernal equinox, a manoeuvre from
T results in accumulated torques of I N = 0.0024 Nms for the natural motions. This is slightly higher than the I N = 0.0022 Nms obtained for the manoeuvre at 600 km. Therefore in this case the natural motion method is not significantly influenced by the increased air drag and gravity gradient disturbance torques. Testing at a 900 km altitude yielded the same results as for a 600 km altitude, suggesting that the decrease in air drag and gravity gradient torques and the increase in solar radiation pressure torques at higher altitudes has little effect on the manoeuvres. Additionally, beginning the manoeuvre at the poles on a 600 km altitude orbit rather than at the vernal equinox results in a small increase in the required accumulated torques, with I N = 0.0023 Nm for the natural motions. These results show that the variation in disturbance torques caused by varying the orbital parameters has little effect on the accumulated torque of the natural motion method. Therefore it may be possible to effectively switch the control off during the coasting phase: that is, the section of the manoeuvre between the two main torquing phases. For altitudes less than 600 km this proves infeasible as the increased air drag torque results in a significant drift from the reference tracks if no control is applied. However, for the 600 km altitude manoeuvre beginning at the vernal equinox described above, we find that the control torques during the coasting phase can be switched off once the norm of the error between the actual and desired values of angular velocities is less than 1 × 10 −4 rad/s, and back on when the error was greater than this value, with no impact on the accumulated torque required or the accuracy of the manoeuvre. In contrast for the manoeuvre near the poles -a slightly higher disturbance environment -applying the same method of switching the control off when ω e < 1 × 10 −4 rad/s, we find that the accuracy of the manoeuvre suffers slightly when the control is switched off during the coasting phase, with a final attitude ofq(T ) = [0.4999 0.5001 0.5001 0.4998]
T achieved. This is as a result of the increased magnetic dipole torque, which means that the drift from the reference tracks is too great to compensate for when the control is switched back on. However this strategy may still be feasible if a high pointing accuracy is not required.
Therefore, as expected, the natural motions require slightly more accumulated torque to track in lower Earth orbits due to the increased disturbance torques. In contrast, in low disturbance environments the control can be switched off during the coasting phase, resulting in potential savings in computation and power. In these cases the 3-axes natural attitude motions are roughly analogous to the single-axis bang-off-bang controls augmented by linear feedback proposed by Sidi [4] , in that the control is only switched on near the boundaries of the motion to first achieve the desired angular velocities and then to stabilise the spacecraft at the target attitude.
F. Constrained Repointing
We now illustrate the method of probing the set of natural motions that satisfy the boundary conditions on the target attitude to generate a constrained repointing manoeuvre.
We consider a 120 s manoeuvre from • . This corresponds to the Moon cone as defined by Mengali [17] . An initial optimisation to minimise the cost function (43) yields a solution that violates this constraint, as shown in Fig. 15 . Now, incrementing the angular velocities ω * 1 (0), ω * 2 (0), and ω * 3 (0) by p 1 , p 2 , and p 3 , respectively, and performing a further parametric optimisation to minimise the cost function (45) leads to a manoeuvre which does not violate the constraint, as shown in Fig. 16 . It is evident that the constraint δ p > δ c ∀t is respected and the camera would not pass through the forbidden zone during the manoeuvre. Therefore the natural motion method has been used to generate a constrained slew.
VI. COMPUTATIONAL SUITABILITY
In order for a control or guidance method to be suitable for implementation on-board a nano-spacecraft, the method must be both low torque and computationally efficient. As the natural motion planning method has proven to require significantly less accumulated torque than a quaternion feedback benchmark for a wide range of manoeuvres, the suitability of the method for on-board implementation is now discussed.
The references were generated in the programme Mathematica, using a 2 GHz, dual-core PC. While this is considerably more powerful than the 30 MHz processor on-board UKube-1, the difference is less marked for other 3U Cubesats such as OPS-SAT which has an 800 MHz dual-core processor. Using the solver DifferentialEvolution, which as stated previously uses a direct search method to find the globally optimal solution, the axisymmetric references take, on average, 0.17 s to generate. The asymmetric references, however, take between 15 and 20 min to generate using the same software. This is due to the presence of the incomplete Jacobi elliptic integral of the third kind in the analytic expressions for the quaternions (33) . While mathematically elegant, current computer software finds this Jacobi elliptic integral computationally heavy. As a result, the asymmetric references, despite offering significant fuel savings, are not necessarily any more efficient than using a pseudospectral optimisation method such as PSOpt 4 or a multiple shooting method to produce reference motions. Therefore the asymmetric motion planner is not presently suitable for on-board implementation.
In contrast, the generation of the axisymmetric references requires significantly less computation and as shown in Section V-C these references can be applied to axisymmetric and near axisymmetric spacecraft. However, the method of finding the globally optimal angular velocities via a parametric optimisation means that the axisymmetric natural motions are less computationally efficient than quaternion feedback, where only the final quaternion is tracked. As noted previously, the references are essentially bang-off-bang in nature and so provide significant savings in control effort. Furthermore, in low disturbance environments the control can be switched off during the region of low or zero torque named the coasting phase, potentially providing savings in power and computation. As a consequence, the reduction in control effort offered by the axisymmetric natural motion method on small spacecraft has to be weighed against the computation required to initially generate the references. While quantifying this trade-off will be the subject of future research, we proceed with a discussion of the relative strengths and weaknesses of another guidance method in APFs.
A. Trade-off Between Computation and Control Effort
While the reliance on quaternion feedback and eigenaxis controllers for attitude manoeuvres makes the generation of time-dependent references for attitude control relatively rare, the use of APFs [16] has been proposed as a nonoptimal guidance method. APFs require less computation than the natural motion method as they do not require parametric optimisation; rather they make use of Lyapunov functions to assign an attractive potential to the target orientation, and generate the desired references using inverse methods [16] . APFs also provide a simple and effective means of obstacle avoidance. However in contrast to the natural motion method, the APF method is not inherently low torque and can demand excessive control effort if care is not taken to constrain slew rates and maximum applied torques [33, 34] . In addition, as the manoeuvres are not based around the natural motion of the free rigid body, the references must be tracked throughout and so the APF method cannot be used in a quasi-open loop manner to save on power and computation. Thus we see that the APFs, in contrast to the natural motion method, require less computation at the expense of a likely increase in control effort. A thorough comparison with the natural motion planning method will be the subject of future work in order to assess this trade-off between computational intensity and control effort.
B. On-board Implementation
The analytical approach presented in this paper offers the potential to reduce the torque requirement with respect to using quaternion feedback alone, at the expense of an increase in computation. However, although the motion planning problem is reduced to one of parametric optimisation, further work will be required to assess the most appropriate parametric optimisation method for on-board implementation. We proceed with a brief discussion of steps that could be taken to make the natural motion method easier to implement on-board a nano-spacecraft.
As described above, the references were generated on a 2 GHz, dual-core computer using a global parametric optimisation method. However, it may not be feasible to implement a global parametric optimisation method on-board a nano-spacecraft with a processor in the 30-800 MHz range. In this case, it may be possible to implement a simple gradient based search method [35] instead. In these methods the search is proportional to the negative of the gradient of the cost function, with the aim of finding a local rather than a global minimum. These methods are computationally more efficient than the direct search methods, at the expense of only finding a local minimum.
A comparison of the local gradient based inbuilt Mathematica method "FindMinimum" with the global direct search method DifferentialEvolution for 50 randomly generated manoeuvres found that the performance of the FindMinimum method was highly dependent on the given initial guess. For example when the solver was given an initial guess of ω(0) = [0.1 0.1 0.1] T × 10 −3 rad/s, the gradient based method gave the same results as the more computationally intensive global method DifferentialEvolution in approximately 60% of cases. In the remaining 40% of cases, manual tuning of the initial guess resulted in the solvers achieving the same results.
Therefore while the FindMinimum method may require less computation, it is heavily reliant on heuristics in the form of a good initial guess in order to function effectively.
The natural motion references only require the optimal initial angular velocities as inputs. Therefore it may be possible to store the analytical equations for the natural motions on-board the spacecraft, but to perform the necessary parametric optimisation at the ground station. This would eliminate the need to perform the parametric optimisation on-board the spacecraft and would only necessitate the uploading of the optimal initial angular velocity vector. A problem with this approach is that if manoeuvres could be generated on a powerful computer at a ground station, more computationally intensive methods such as PSOpt could be used instead to generate potentially torque optimal references. However in these cases it would be necessary to upload the time history of the entire manoeuvre rather than just a simple vector, which would require significantly more on-board memory.
It is clear that while planning attitude manoeuvres around the natural motions of a rigid body is beneficial in terms of control effort in comparison to a quaternion feedback benchmark, the reliance on global parametric optimisation methods at present means that more work is required to assess the performance of the method when faced with constraints on processing power, and to determine the most practical reference generation method for on-board implementation.
VII. CONCLUSIONS
The derived analytical equations of motion for axisymmetric and asymmetric spacecraft can be used to produce natural attitude motions by parametric optimisation. The natural motion planning method offers significant savings in accumulated torque over a quaternion feedback benchmark, and the manoeuvres are essentially bang-off-bang in nature. The method is robust to errors in inertia and to the effects of disturbances. Indeed, in low disturbance environments the control can be switched off during a coasting phase to save on computation, giving rise to quasi-open loop 3-axis bang-off-bang manoeuvres. The set of natural motions that match the final attitude can also be probed to produce constrained slews.
The generation of references in the asymmetric case does not offer an advantage over numerical optimisation for on-board use due to the difficulty in evaluating the Jacobi elliptic integral, which makes the method computationally heavy. The axisymmetric references, however, require less computation to generate and may be applicable to axisymmetric and near axisymmetric spacecraft such as UKube-1 and OPS-SAT. However the natural motion method requires a parametric optimisation to generate the references, and so further work is required to determine the most suitable method of implementing the method on-board a resource limited nano-spacecraft.
To address these issues, future work will see the method tested on an attitude control testbed currently under construction at the University of Strathclyde. The natural motion planning method will be implemented on a 30 MHz processor, which will enable the performance of the method in the face of reduced computation, errors due to inaccurate sensing, and actuator constraints to be assessed. Allied to this will be finding a means to improve the computational efficiency of the asymmetric method, as at present the savings in accumulated torque are greatly outweighed by the time taken to generate the references due to the presence of an incomplete Jacobi elliptic integral of the third kind.
Additionally, as the quaternion feedback controller causes the quaternions to evolve in broadly sigmoidal curves, the possibility of generating and tracking sigmoidal, rather than constant, quaternion references between the initial and final attitudes will be investigated to determine if this results in a saving in control effort when compared with the natural motion method. Finally, the natural motion method will be compared with those obtained via nonlinear optimal control, to assess how close to optimal the natural motions are, and to other nonoptimal guidance methods such as the APF method. The aim of this comparison will be to determine whether the savings in accumulated torque offered by the natural motion method justify the increased computation required to generate the references.
